We show how multi-walker quantum walks can be implemented in a quantum quincunx created via cavity quantum electrodynamics. The implementation of a quantum walk with a multi-walker opens up the interesting possibility to introduce entanglement and more advanced walks. With different coin tosses and initial states the multi-walker quantum walk shows different probability distributions which deviate strongly from the classical random walks with quadratic enhanced spreadings and localization effects. By introducing decoherence, the transition from quantum walks to the classical versions is observed. We introduce the average fidelity decay as a signature to investigate the decoherence-induced irreversibility of quantum walks.
I. INTRODUCTION
Quantum walks (QWs) [1] offer an alternative approach to implement quantum algorithms [2] compared to the typical circuit-based [3] or measurement based [4] models for quantum algorithms. There are two types of QWs: the continuous time QWs [5] and the discrete time QWs [6] . The realization for QWs have been proposed in quantum optics [7] , ion trap [8, 9] , cavity quantum electrodynamics (QED) [10, 11] and optical lattice [12] systems in a decade. QWs on single photons [13] , trapped ions [14] and neutral atoms [15] have been realized in the laboratory, respectively. More recently, higher dimensional QWs [16] and QWs involving more particles [17] [18] [19] [20] [21] [22] [23] [24] are studied. This reveals the additional features offered by quantum mechanics, such as quantum correlations [24] and indistinguishability. Compared to the proposals on QWs with single-walker, we extend the QWs by using multi-walker. The implementation of a QW with a multi-walker opens up the interesting possibility to introduce entanglement and more advanced walks.
To create a QW, the following steps are followed: a particular QW is chosen, in our case a discrete multiwalker QW with joint coins each of which decides to the corresponding walker's position shifts. Furthermore, a signature for QW behavior is identified, such as enhanced diffusion or uniformity of the distribution for the walkers' degree of freedom. Then a physical system is chosen whose Hamiltonian dynamics match the evolution of the QW. Finally, open system dynamics are incorporated into the analysis in order to account for non-unitary evolution as well as to incorporate realistic measurement into the model.
Compared to random walks (RWs), QWs are reversible. The irreversibility due to decoherence transmits the QW to RW . It is of great interest to show the variation of the irreversibility in the time evolution of the QW. The probability distribution and standard deviation of the distribution are used to study the irreversibility of QWs in the present of decoherence. However those approaches are not operational. That means neither of them provides a way for direct experimental observation of the irreversibility of the QW. In the present of decoherence, except for the probability distribution and the standard deviation, we introduce an operational measurement-the average fidelity decay (AFD) [25, 26] . The AFD can reveal the response of the system to the decoherence which is closely related to the properties of both the system and the environment, and provide an experimentally available way to monitor the detrimental influence on the QW with different decoherence sources.
II. QUANTUM WALKS WITH ONE-AND MULTI-WALKER
Let us first briefly review a single-walker QW. The Hilbert space of the walker+coin is given by a tensor product
of the walker space H w and the two-dimensional (2D) coin space
We consider a walker starting the QW from the origin, i.e., the initial state has the form
where |ψ 0 w and |ψ c denote the initial state of the walker and coin respectively. After N steps of the QW, the state of the walker+coin is given by
where the unitary propagator U has the form
The probability distribution generated by the QW is given by
The coin operator C flips the state of the coin before the walker is displaced. In principle, C can be an arbitrary unitary operation on the coin space H c . We choose the most studied case of the Hadamard coin, denoted by H = 1 1 1 −1 / √ 2, which is defined by its action on the basis states,
After the coin flip, the step operator S displaces the walker from its current state according to its coin state
where δ is the step size. The coefficients p ±1 (j, N ) represent the probability amplitudes of finding the walker at |ψ j w after N steps of the QW with the coin state |±1 .
As an extension, we choose the N -walker QW over circles in phase space, which arises naturally for N harmonic oscillators. Points in phase space correspond to the oscillator position-momentum pair (x, p), which we henceforth refer to as the phase space 'location'.
For the discrete N -walker QW on the circles, each of the walker's location as a point in phase space is replaced by a localized wavefunction centered at location (x, p), and the random flips are replaced by joint quantum coins given by qubits, which are flipped by a unitary operation and then entangled with the oscillators by free evolution. An example of N -walker state is the product state
An example of the coin state is |ψ c = |c 1 , c 2 , ..., c N . The archetypal discrete time N -walker QW consists of two building blocks-a coin operator C and a step operator S. The coin is essentially an ancillary parameter that is used by the step operator to decide how to propagate the walker. The simplest example of the coin operation is to apply a Hadamard transformation to each qubit in the decomposition of Eq. (9) . This internal transformation is separable, in the sense that it does not produce entanglement between the spatial degree of freedom. Other choices for the coin operations include the entangling coin operation, the discrete Fourier transform (DFT) and the Grover operation. A common choice of step operator is
where c i ∈ {−1, 1} and
for j = 1, ..., N is the phase state. Using two-walker QW as an example, one obvious generalization of coin tossing operations is to apply a Hadamard transformation H to each qubit of the coin state. This choice can be viewed as two independent coin tosses on each qubit of the coin state. The transformation is
This coin operation is separable, in the sense that it does not produce entanglement between the spatial degrees of freedom.
In principle, any unitary transformations on the coin state can replace Hadamard transformation and be used as coin tosses. Now we introduce non-separated coin tosses. One obvious generalization of coin tosses, which is not separable and does produce entanglement between the coin qubits, is the root of SWAP gate operation, defined as follows
Another choice of non-separated ncoin tosses-the discrete Fourier transform (DFT) D, defined as follows:
transforms any coin translation eigenstate into an equally weighted superposition of all the eigenstates and entangles the spatial degrees of freedom of coin qubits. There are, of course, an infinite variety of other nonseparable choices for the coin tosses by employing different phase relationships. Finally we introduce the Grover operator as a non-separated coin toss defined as follows
We now investigate the effect of measurement on a two-walker system. After kth steps of two-walker QW, the state of the walker+coin system becomes |ψ k = (SC) k |ψ ini . Suppose we perform a measurement and detect the first (second) walker at position φ. Then the state will be projected into
where The dispersion of the distribution (16) is especially important. As moments are not particulary useful for distributions over compact domains, other strategies are needed. For the phase distribution over the domain [0, 2π], Holevo's version [27] of the standard deviation
is particulary useful as it reduces to the ordinary standard deviation for small spreads and is sensible when the dispersion is large over the domain. We begin our analysis the results of two-walker QW with different coin tosses. The initial conditions for the coin state were chosen to be the separable state composed of all qubits in the states |1 , |1 +|−1 / √ 2, and |1 + i |−1 / √ 2, which lead to three different probability distributions.
For the case of separable transformation with separable initial conditions, the different walkers behave independently; thus, the variance can be expressed in terms of one-walker case. Furthermore, a bias could be introduced into the transformation and give a different weighted superposition of translation eigenstates. Thus the phase distribution of walker also depends on the initial state of the coin. The time dependence of the standard deviation for QW is plotted in Fig. 1 and the corresponding slopes ∆σ/∆t (ln σ(φ)/ ln N ) are presented in Table I . We observe that the standard deviation for QW with the same coin toss depends on the symmetry of the initial states. However the quantum behavior can always be observed except for the two cases-the √ iSWAP QW with the initial coin state |1 ⊗ |1 and the Grover G QW with the initial coin state (|1 + |−1 ) ⊗ (|1 + |−1 ) /2, which shows the localization effect on QW where the walker's spread becomes constant [28, 29] .
Any real implementation of a quantum system must deal with the issue of decoherence, which tends to destroy quantum correlations. The entanglement decay due to noise leads the transition from QWs to RWs. In the present of decoherence, except for the probability distribution and the standard deviation of the distribution another operational measurement here is introduced as a new signature for QWs. We measure the irreversibility of the QW due to decoherence by the AFD which is defined based on fidelity decay, that is the square modulus of the overlap between two time dependent final states with the same initial state under the time evolution without and with decoherence respectively. The AFD [26] is defined as
where ρ(t) is the density matrix of the walker+coin system after the time evolution. The AFD reveals the response of the walker+coin system to the decoherence and is sensitive to different sources of decoherence.
III. IMPLEMENTATION OF MULTI-WALKER QWS ON CIRCLES
Multi-walker QWs can be implemented with scalable cavity grid [30] with superconducting circuits [31, 32] . The walkers are represented by the cavity modes and the coin states {|−1 , |1 } are encoded with charge qubits. The cavity grid consists of cavity modes belonging to N H horizontal (H) and
jb j , coupled to one charge qubit at each intersection (i, j), generalizing to a 2D architecture:
The coupling g H(V ) ij between the horizontal (vertical) cavity mode i (j) and the charge qubits is switchable by the external electric field on each charge qubit [33] . Eq. (19) leads to the Jaynes-Cummings (JC) model and the cavity-mediated interaction between qubits.
For a multi-walker QW, one can implement the coin operation on charge qubits capacitively coupled to a vertical cavity mode (j) with cavity-assisted interaction.
The conditional position shifts of each walker can be implemented for each horizontal cavity mode i under the free evolution of the JC interactions between horizontal cavity mode i and charge qubit (i, j).
The multi-walker QW with cavity grid can be implemented by steps as follows.
Step I, the state of the cavity grid is prepared in a certain initial state.
Step II, the couplings between the vertical cavity mode and the charge qubits are turned on to implement the coin operation on charge qubits with cavity-assisted interactions.
Step III, the couplings between the vertical cavity mode and the charge qubits are turned off and those between the horizontal cavity modes and the charge qubits are turned on to implement the conditional position shifts of each walker due to the coin states. Then, we repeat steps II and III for the next step of multi-walker QW.
A. The Conditional Phase Shifts
Using a two-walker QW as an example, we consider a system including two two-level charge qubit coupled to a cavity grid with the structure mentioned above. The coupling between each charge qubit and the corresponding horizontal cavity field is used to implement conditional phase shifts on circles and the charge states are used to implement quantum coins, each of them with two possible operations. The physical implementation of the conditional phase shifts of multi-walker quantum walks can be implemented by the free-evolution of the cavity-assisted interaction Eq. (19) , which can be rewritten in the JC model [31] 
with ω a and ω c the coin and cavity frequencies, respectively, and g the coupling strength. In the dispersive regime,
and in a rotating frame, the effective interaction Hamiltonian isĤ
with the cavity pull of the resonator
After the coin flipping operation, the time evolutions of the interactive Hamiltonian give the conditional position shifts due to the charge states
for j = 1, 2, where ∆θ 1(2) is the size of one step for walker 1(2) which depends on the effective coupling χ and the time duration t 1(2) .
B. The Coin Tosses
The Separable Coin Toss
The coin tosses can be implemented on charge qubits with cavity-assisted interactions. Now we turn off the couplings between the charge qubits and the horizontal cavities. Then we turn on the coupling between the charge qubits and the vertical cavity subsequently. The time-dependent driving field applying on the vertical cavity [31] 
can be used to implement the separable coin toss. It is sufficient to let ǫ(t) be a square wave so ǫ is a constant (ǫ = 0 when the field is off). In the dispersive regime and in a frame rotating at ω d for the qubit and the resonator,Ĥ j =Ĥ j JC +Ĥ d can be replaced by the effective Hamiltonian
the Rabi frequency. The first term in the above expression effects the coininduced walker phase shift. The atom transition is an ac-Stark shifted by g 2b †b ∆. To implement
on the coin, we choose
with pulse duration t H = π/2Ω R . After the coin flipping we shut off both the external field and the coupling between the charge qubits and the vertical cavity, and turn on the coupling between the charge qubits and the horizontal cavities. The free evolution continues for a duration t j for charge qubit j for the conditional phase shifts.
The √ iSWAP Coin Toss
If one turn on the couplings between the two charge qubits and the vertical cavity at the same time, the effective Hamiltonian ofĤ JC can be written aŝ
The forth term is the induced dipole-dipole interaction between the two charge qubits, which can be used to implement the √ −iSWAP coin toss on the charge states
with θ = χt s and t s the evolution time of (31)
The DFT Coin Toss
The similar system can be used to implement a 2D discrete Fourier transform (DFT) coin toss, defined in Eq. (14) . Note that the Hadamard transformation is the 1D DFT [34] .
For the coin flipping, if we choose the duration t j to increase geometrically with qubit number as χt j = 2 j π/4, then the HamiltonianĤ
where the electronic operatorΥ provides a binary ordering of the qubits:
The eigenvectors of the operatorΥ are the electronic number statesΥ
where
The binary expansion for k is thus just the string S N S N −1 ...S 1 .
This unitary operation can be used to implement a 2D DFT shown in Eq. (14) . First we turn on the coupling between charge qubit 1 and the vertical cavity and after time duration t 1 it is turned off. Then we turn on that between charge qubit 2 and the vertical cavity and after time duration t 2 it is turned off. Thus the DFT operation on two charge qubits is realized.
The Grover Coin Toss
The induced dipole-dipole interaction between two charge qubits can be used to implement the Grover coin toss [35] . Now we turn on the coupling between the charge qubits and the vertical cavity at the same time and apply a drive field (25) on the vertical cavity. The effective Hamiltonian of the system in the dispersive limit becomeŝ
If Ω R ≫ δ da , δ dr , g, we can get the time evolution of the system in the interaction picture
For choosing χt = π/8 and Ω R /χ = 16m + 4 for m an integer, we can get
So by choosing appropriate values of parameters, we can generate a two-qubit Grover operation on two charge qubits.
The multi-walker QWs can be implemented by three steps as follows. First, the cavity grid is prepared in the initial state |Ψ ini . Second, we turn off the couplings between the charge qubits and the corresponding horizontal cavity modes and turn on those between the charge qubits and vertical cavity. We applies a coin flipping operation on the charge state. Third, we turn off the coupling between the charge qubits and vertical cavity and turn of those with horizontal ones and the free evolution of the interaction between the charge qubits and cavity modes is used to implement the conditional phase shift for one step of QW.
IV. OPEN SYSTEM
Coupling to additional uncontrollable degree of freedom leads to energy relaxation and dephasing in the system. In the Born-Markov approximation, these effects can be characterized by a cavity photon leakage rate κ and a pure dephasing rate γ for each qubit of the coin state. The open system thus evolves according to The master equation is used to compute ρ(t) from which the reduced state of the walker ρ w = Tr c ρ is obtained. As a signature of QWs the phase distribution can be obtained by performing full optical homodyne tomography on the cavity to obtain the Wigner function, and hence the standard deviation thereby can be determined.
With the realistic system parameters [31, 32] (ω a , ω c , g, ǫ) /2π = (7000, 5000, 100, 1000)MHz, simulated evolutions of the standard deviations of the phase distribution for the first several steps are presented in Fig. 2 , which clearly reveal slope compatible with the characteristic quadratic decrease in phase spreading for increasing decoherence of the two-walker QW until the transition to the RW [36] . Here we use a DFT coin QW with initial coin state (|1 + i |−1 ) ⊗ (|1 + i |−1 ) /2 as an example with the decay rate of cavity κ 1 = κ 2 increasing from 0 to 0.1χ and the dephasing rate γ 1 = γ 2 = 0.06χ fixed. Thus the QW-RW transition is observed in Fig. 2(a) . Furthermore, if the decay rate κ 1 = κ 2 = 0.01χ is fixed, with the dephasing rate increasing the standard deviation of the phase distribution σ as a function of the number of steps N decreases slowly. And with γ increasing from 0 to 0.1χ the slope of the ln σ-ln N plot decreases from 0.970 to 0.810 in Fig. 2(b) .
Except for the standard deviation of the probability distribution, one can determine the effects of the decoherence on the quantum behavior of QWs via the AFD. As shown in Fig. 3(a) , we have numerically calculated the AFD of the DFT coin QW with the initial coin state (|1 + i |−1 ) ⊗ (|1 + i |−1 ) /2 in the two cases: (i) only with the decay of the cavity; (ii) only with the dephasing of the charge qubits. Using the parameters with which the standard deviations in the presence of the two sources of decoherence are quite close shown in Fig. 3(b) , one can obverse that the AFDs of the two cases are quite different and the difference increases with the decoherence increasing. In Fig. 3(b) , the ln σ-ln N plots are shown with different parameters. The result with κ 1 = κ 2 = 0 and γ 1 = γ 2 = 0.02χ (κ 1 = κ 2 = 0 and γ 1 = γ 2 = 0.2χ) is quite similar with that with γ 1 = γ 2 = 0 and κ 1 = κ 2 = 0.01χ (γ 1 = γ 2 = 0 and κ 1 = κ 2 = 0.1χ). Whereas, in Fig. 3(a) with the same choices of parameters, the AFDs are quite different and derive from each other. The AFD is more sensitive to the cavity decay rather than to the charge dephasing. These results imply the significant effect on the QW-RW transition from the cavity decay κ. Moreover, the cavity decay κ is much more important than the charge dephasing γ with respect to the scaling of AFD with time t (proportional to the number of steps N ). The dephasing rate γ mainly leads to smearing the phase distribution and the phase distribution loses its symmetry.
V. CONCLUSION
In summary, we have introduced a protocol to implement a QW with a multi-walker in phase space using cavity QED. The implementation of a QW with a multiwalker opens up the interesting possibility to introduce entanglement and more advanced walks. With different coin tosses and initial states the multi-walker QWs show different probability distributions which deviate strongly from the RWs and show faster spreadings and localization effect. By introducing decoherence, the transmission from QWs to the classical versions is observed. We propose a physical realization to investigate the decoherenceinduced irreversibility of QWs via the AFD. Our scheme provides an experimentally available way to monitor the detrimental influence on the QW by different decoherence sources. It is observed that the cavity decay has more detrimental effects on QWs rather than the dephasing of the charge qubits, which allows us to understand better the QW simulation in a realistic system. In conclusion, our theory establishes a pathway to realizing a many-step QW with multi-walker, and our techniques for observing the signature of QW via the AFD would be useful for general quantum information protocols. 
